
Lecture 9

The Schwarzschild solution



Where were we ?



Newtonian
,

gray .  pot . y
mass density

② I =  -
TT & ② 1728 = 4ThGnp

(
Newton 's  constant

How to generalize these equations ?

Minutingprinciple = just write SR laws  in

word . inv - form !

Example: particles move in straight lines in Minkowski spacetime

I÷=o⇐ . f÷a . :# ⇒→ d÷rda¥=o see.

;:÷ .

% = . , . * In:¥iii: .im . . .

V a  c
, Z hav = O

②



Einstein Equation
-

Rm - I Rgm = 81T G Tm a ⇒ Rm = STIG (Tm - IT : gm)
n=4

µ=v=ofNewtonian limit

TIE = 41T G f

EagengianttfGR

Hilbert action :  

su = Jdnxfgi R

Ssu = Sdk Fg ( Rm -

'

z Rgm ) Sg
"

-

I Einstein equation.

in vacuum

o
E insincere

-

ion

in vacuum



In general ,

the full action is

←
matter

S = ,T¥gSH 1- Sm

85 = faking 8g
"

I ofRm - I Rgm ) tug FIT ) -

- o

÷
-

'Tru

We recover E. Egs . if we define

Tmr = - Fg 8gsgr.eu
. symmetric u

• conserved ( PM Tm -

- o ) V ( to be explained)

Exercise: explore this def . in
examples ( EM fields

,
scalar fields

,
. . . )



Planefortoday

. Einstein - Hilbert Action

• The Cosmological Constant

• GR as an Effective Field Theory ( EFT )

• The Schwarzschild metric



thegicalcontant \ ✓
Matter Lagrangian density

S -
- far-off i ( R - 2%) t Lim )

= fdhxr-jf.ir + Em - q!jam
 emos density

^

TIG

Exercise : show thot
- Sijdxiiidxi

-

di =  - dt
'

t e

Z " t
(DEY ( de Sitter spacetime ]

Solves E.  egs .
without matter ( trio ) and

n = H
'

#
9

determine

this number



The cosmological constant
- -

g
Vacuum  energy density

S = Jdk Fg [ Tio R t In - ly ,]
I

81T G

What is the value of bae ?

* Theory : [ frae ) = (Energy )
"

→ put!° n Mp
"

~ ( lo
"

GeV )
"

* Experiment : pray
"

= ( , , ,o
- hav ya

Matic ~ ( 1046N )
"

theo

Lac

je
n lo

' "

Cog¥problems



General Relativity as an Effective Field Theory
- - -

Most general world line action :

non - minimal couplings
6 d

S = -mfde [ I t c
,

R t a Ryu IME t . . . )
,

•  = If

[ g) = [ Cz ) =L
'

what should be the values  of Ci , Cai - - .
?

,
,

a , , -35in

c
,

n Cz ~ L
' with L =

microscopic length = § xcomyton = the
I ? ?

But

Runner of .fi?::::::::.fncionm5
⇒ a

,
Rss 'd notobserable



General Relativity as an Effective Field Theory
- - -

Similarly ,

S = Sm t÷ofd4xIF (R t a
,

R
'

t a RMR
"

t Gtf RNR t
. . . )

* in dz ~ L
"

with L = microscopic length ~ f
G ~ "

'

m

Lov I lo
- 20M

(
( LHC reach )

But

Runner of . f
'

!::? ::÷.
I . aol.ms

"

⇒ a
,

R E to
- 60

a I notobserrable



General Relativity is non - linear
- -

$=  Ez folk Fg R t Sm

with R - or + M
,

r - g
"

2g Notion I
g Mp

Fluctuations around Minkowski spacetime : gµ=yµ t K her

S
'

=fd4xfhDh + k hahah t u
' h' C 2h )'t . . . ]

to t
to

Mmr
Barr qq.ee

graviton propagator {
interaction

vertices

[Contrast this with EM action] K2 CEnergy )
'

n ( Emmy;D )
'

-⇐

ring
: p¥! = m.fm?+pans.

 +t.gr . + loops



Free discussion



TheSchwarEschii

Consider first the analogoussolution in Newtonian gravity :

f
mass density

④
D2 § = 4Th Gnf

(
Newton 's  constant

Vacuum  t Spherical symmetry ⇒ 24248) = o ⇒ Ecr , =  Er'
+ & ¥7' "

( p = o )

To determine C
,

,
ite .grate ④ inside a ball of radius R :

4T GM = J d '
r B. BE = 4*132 Er .BE/--  - 4h C

,
r -

- R
r < R

⇒ OI Cri =
- GRI for r > R

body



The Schwarzschild metric is the unique spherically symmetric
-

( and static ) Vacuum solution of Einstein equations .

doftsinodo '

2ND 2pm m

Static+EphymmIery ⇒ d5=
- e dt

'

+ e dr
'

+ rider

by choice  of
radial word .

F = earth

22cm ZI ( I )

, . and .

" d

Ii'm "

Rm = O leads to
egs . for air ,  and per )

.



Ex : show that
I I

Rtt = e
"← [ a

"

-1 a
'

2

- a' p
'

+ za
' ) dr

Rrr =  - a
"

- a
'

2

+ a'
p

'
+ I p

'

Roo = e

- ZP [ rfp
'

- a
'

I - I ] t I

Rolf = Sino Roo

Notice that :

o using

21ps- L )
o = e Rtt  + Rrr = f- ( a 't

p
' ) ⇒ dirt = - part -1 of t - e-

 at

int . const
.then

z A

O = Roo =  - e ( zra
'

ti ) -11 C ⇒ ( re
" )

"

= I ⇐ s e
"

= I - ¥



Therefore
,

the Schwarzschild metric is

ds !
 - fi -⇒ at

'

+ ,.dt÷  + r
' dsi

E:  check the remaining E
. egs .

,
Rrr =o

.

The parameter Rs is called the Schwarzschild radius
.

Notice that Is 2
- - dt2 + drat rzdr

' ( Minkowski )
✓ →  a

Moreover
,

Joo
= - I + RST

Jyp
,

- I - 2$ ⇒ & =  - RIN = - GI

⇒ Rs = 2 GM



Singularities

ds !
 - 4 -R÷) It

'

+ ,.dt÷  + r
' di

Ott Fo
-

singular pouts ? Not sure because comp .
 of

grr
-

a

r → Rs tensor change under cooled . Transf .

[ ds
'

= do '
t Sino doll

, g¢¢ = Tino fo
- ]

If a scalar diverges then the geometry is singler

CE : show that

RM " 't

Ray ,

=

4862M
'

→

r '  arr . sing

-

r
' \ r=R , maybe not

( it is just a cord
. sing . )



Stars
and

plenty
are not vacuum solutions

.

Teru ¥0 for r s R
body

but the Schwarzschild metric is

stillvalid fo r > R
body ( assuming spherical symmetry )

ds
'

=  - ( I
-⇒ It

'

+ ,,dt  t r
' di for r > Rbody

Notice that
Run = 106 G Msm SS 26 Msm = Rs



Lecture 10

Testing GR in the solar system



Where were we ?



General Relativity- Newtonian Limit

ds !  - 4+2E) dtt ( I -28 ) DIZ
Einstein equations

181 at 2+8=0 , P " P

Rm -

'

z Rgm = 81T G Tgv - 172¥ = 41T Gpµ=V=  o

I Jla c

Geodesic equations

ftp.daE-o -¥i¥=-¥E
Energy - momentum tensor

y
Cosmological constant

^

Tv = - ¥ §sg÷ - far ga .

FIE Kao

o
E insincere

-

ion

in vacuum



Generating
Actions

Einstein equations

Rm -

'

z Rgm = 81T G Tgv - s=z÷fdktg( R - 2h ) t Sm

Geodesic equations

ftp.da#h--os-s---mfd-c
Energy - momentum tensor

y
Cosmological constant

^

Tv = - ¥ §sg÷ - jog ,
.

Iii- ha .

o
E insincere

-

ion

in vacuum



Spherical symmetry t Vacuum  ⇒

The
Schwarzschild metric

( Tru = o ) -

df
ds

'

=  - ( I -⇒ It
'

+
- t r

' di
Rs = 2 GM

Stars
and

plenty
are not vacuum solutions

.

Teru to for r s R
body

but  the Schwarzschild metric is

stillvalid fo r > R
body ( assuming spherical symmetry )

Notice that
Rsan = 106 G Msm SS 26 Msm = Rs

Notice that
Run = 106 G Msm SS 26 Msm = Rs



Planefortoday

④ Geodesics in the Schwarzschild metric

• Perihelion advance

• Gravitational redshift

. Schwarzschild blackholes



GeodesistSchwarzschild
ds2=

 - 4 -⇒ It
'

+
-  + r' ( do 't sino  dot )

I - Rsp

In principle ,
we could directly solve

÷! + ri
, :÷dI=ode

In  practice ,

it is simpler to use the constants of motion :

killingVectis
k

,
dad =

const.

x

massive ( a =  proper
time )

. g.d÷da=e= l :
m.ee . ÷÷⇒ .



GeodesistSchwarzschild
ds

'

=  - 4 -⇒ It
'

+ ,Y÷-  + r2 ( do 't sine  dot )

Spherical sym → o  = II w . l.org .

killing Vectors :

km = ( 2e )
r

= ( I
,

o
, o.o ) → k

,
= f-It Rsf 10,90 )

R
"

= (24 )
^

= ( 0,0,
0,1 ) → R

,
= ( o

,
o

,

o
,

r
' Simo)

Q  = If

constants  of motion :

E  = - k
, ddt÷ = ( I - RI) IT

L = R
,

daff = r
'

dot
old



In  addition
,

dxndxu
- gridDT

= E ⇐ s I ( LI )
'

t Url = E
check !

with
Vcr ) =

'
z

E - E GI + zh÷
.

- GM ,

E = I EZ

-
absent  in

Newtonian gravity
✓ Cr) n

E  = O massless

VH massive

.
.  - ← - -  e-

L > VITGM
L2 i

fin -
- - -

-
-

ii÷÷÷ "

Vc
,

Vcr

I



.←t-a
,

×..!aY.x'x"e
-

---a-
- -

-ainbound
, bitXx

,

is
Inbound

orbit

,
why

.

inspird.IT?f



Circular orbits
#

Vcr ) = IE - e GRI + ÷ .

-

GM
✓ 3

-

absent in

Newtonian gravity

• Massless E  =  o

V
'

cry
=  o  ⇐ ) re =3 GM

• Massive E  =L

✓
'

Crd= o L = , ri GM - L
'

ra t 3 GM 22=0

c ⇒ r
.

=
i±LVi-izo_

÷ .
f In

' stable

2 GM

I 36M unstable

K
,

stable
> 66M [ minimum Value happens for 22=12 Gr M2 )

If L s VI GM ⇒ No barrier = , particles fall into the BH



PerihE.li?.*.IdY#st
approach to the sun

.

§ .

④ Ifdata Y + Vcr ) = E
,

L = r
'

ddot
, Rs -

- 2am

Van = I - GI + ÷ .

- qM ,
E = 's E

'

,
E = 4-F) dta

④ xffddotj! I. ) ⇒ fFf )
'

+ If - RI r
'

+ r
'

- Rsr = FI r
"

New variable : x I absent in

Rsr Newtonian grave

-

⇒ fId't .
- ax + x

'
- II.xs=4En÷=¥

DIF
.

- i + x
-

- III. x
'



Perihelionadvance abffftt.in?angrrav.

-

⇐÷. , ÷ ,.

itx-am.a.FI
→

Let 's solve this equation for ace I  :

X. lol I = Xo lol ) + a Xi lol ) t Olay

w log

⇒ Not) = I  t e cos ¢ + dying ← perfect ellipse
"

eccentricity rock -

- ¥
,

Tte÷oT
yr

E- i - I . ⇐HH : '

::::*:: "

,
e :

' ÷. .

za = IL:( Iet Ie) = ⇒ L
'

- Gmac- ey of . # a



Perihelionadvance abnaejtt.in?angrrav.

-

⇐÷. , ÷ ,-

itx-asi.a.FI
→

Let 's solve this equation for ace I  :

X Col ) = Xo C of ) t a X. Col ) t Coca
' )

⇒ Xo Col ) = I t e cos of

I eccentricity

⇒ ddz t x
,

= Xo
'

= ( I + e cosy )
2

( forced h
. o . ]

Exercise :  check the int .  const .

← s

X
,

( of ) = I t ¥ t e ofSino - I e
2 cos 24 t GySimo t C

,
cos  of

-
- -

constant periodic function with period 2T



X = He cos of + deaf sin of + a glom + OH )
✓ "

glottal = gift
e cos ( Cl- a) 4) t Olay

61T 62µL
⇒ The perihelion  advances by Dol = 2T a =

Iz

during each orbit

6Th GM

Sol = -

Using L2 = GM d-e) a → a- e) a

arcseconds
a

For Mercury
, Alone

.  

any
= 5.01×10-7 radians yo rbif I

43
"

/ century

Turbit  = 88 days

f
Notice that the effects of other  planets lead to 4

µObservation : synergy = szgya.in,

mercury
'  - 532

"

century

)



observer  at
Gravitational Redshift fixed r [ Not free falling )

- -

a

r_¥ aphelion ×% ,

"
UM = ( U

°

,
o

,
o

,
o ) ⇒ U ! ( I - Rys)

- " 2

observed

frequency
= w = -

gnv % DI
= origin = - I

old

=p. ⇒
" '

data = 4-IT
"

Ea
consequent. -y

I - Ray
r ,⇒ we

= ⇐⇒
"

= I - IT
,

+ I
.

= ' + & ;
- &
;

W
,

Newtonian pot .



Schwarzschildpslacktlolesds
! ( I -⇒ f. It 't

g.ditzsyf.tn/doitsin2odoYdr*2

!

r
*

= r + r
, log ⇐- I ) [ Tortoise coordinate ]

ds2= ( I - Rf) folt 't dr " ) c- r
'

de
'

\ t  n

f- Rs # ⑤
I -

r
*  =

-
d

>
r

#



Wisdom of  the day

Deep Work

See calnewport.com 
See also the book “Four Thousand Weeks”


